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Corrigendum
Corrigendum to “On the super fixed point property in
product spaces”
[J. Funct. Anal. 236 (2006) 447–456]
Andrzej Wis´nicki
Institute of Mathematics, Maria Curie-Sklodowska University, 20-031 Lublin, Poland
The argument in the proof of Theorem 3.2 (p. 452, lines 16–14 from the bottom), is not correct
and a more subtle construction is needed as follows.
We claim that there exists a convex set A ⊂ K˜ such that T˜ (A) ⊂ A, r := dist(A,0) < 1 and
PrF (A) = {0}, where PrF denotes the standard projection onto F . If such a set A exists, then we
put
D = A ∩ B(K, r) ∩ K˜
and proceed as in the proof of the original paper.
Suppose, contrary to our claim that every convex set A ⊂ K˜ such that T˜ (A) ⊂ A and
PrF (A) = {0} lies on the unit sphere. Let S denote the set of all increasing sequences in N
and define the relation of equivalence by putting (in) ≈ (jn) ⇔ {n ∈N: in = jn} ∈ U . Let
(in)U  (jn)U ⇐⇒ {n ∈N: in  jn} ∈ U
be a linear order in J := S/ ≈, where (in)U denotes the equivalence class of (in). Notice that a
function
J 	 (jn)U → (0, yjn)U ∈ H(xn,yn)
is a well-defined net in K˜ . To simplify notation, write j = (jn)U and yj = (0, yjn)U . Since a
Banach space Y is superreflexive, by the arguments similar to that in the proof of Lemma 2.7, for
every f ∈ (F ⊕ Y)′U there exists j0 ∈ J such that f (yj ) = 0 for every j  j0. This means that
the net {yj : j ∈ J } converges weakly to 0.
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2314 A. Wis´nicki / Journal of Functional Analysis 254 (2008) 2313–2315Let (fα)α<α0 be a transfinite sequence of all functionals in (F ⊕Y)′U . By transfinite recursion,
we construct an increasing family (Dα)α<α0 of subsets of K˜ with the following properties for
every α:
(1) (Dα) is convex,
(2) T˜ (Dα) ⊂ (Dα),
(3) PrF (Dα) = {0}, and
(4) there exists x ∈ Dα such that fα(x) = 0.
If α = 0, then there exists j0 ∈ J such that f0(yj ) = 0 for every j  j0 and put D0 = {yj0}.
Fix 0 < α < α0 and assume that a family {Dβ)β<α is performed. It is not difficult to see that
the set D′α =
⋃
β<α Dβ shares properties (1), (2), (3) and hence, by our basic assumption, D′α is
a subset of the unit sphere. It follows from the lemma below that there exists j0 ∈ J such that
‖x − yj‖ = 1 for every x ∈ D′α and j  j0. We can also assume (see the proof of Lemma 2.7)
that fα(yj ) = 0 for j  j0. Set
Dα =
{
z ∈ K˜: ∃x ∈ D′α‖x − yj0‖ = ‖x − z‖ + ‖z − yj0‖
}
.
It is rather routine to check that Dα has properties (1), (2), (3), and (4) and D′α ⊂ Dα .
Consequently, by transfinite recursion, a family (Dα)α<α0 is constructed. Notice that the set
D =
⋃
α<α0
Dα
shares properties (1), (2), and (3) and
∀α < α0∃x ∈ D fα(x) = 0.
Hence D is not separated from 0 by a functional, but this contradicts our basic assumption which
states that every set with properties (1), (2), and (3) must be a subset of the unit sphere.
It remains to prove the following lemma.
Lemma. If A ⊂ K˜ is a convex subset of the unit sphere, then there exists j0 ∈ J such that
‖x − yj‖ = 1 for every x ∈ A and j  j0.
Proof. Let us first observe that
∀k∃jk ∈ J∀j  jk∀x ∈ A ‖x − yj‖ > 1 − 1
k
. (1)
Indeed, if
∃k∀j ∈ J∃sj  j∃xj ∈ A ‖xj − ysj ‖ 1 −
1
k
,
there would exist a function s : J → J and nets {xj : j ∈ J }, {ys(j): j ∈ J } such that
w- limj∈J ys(j) = 0 and ‖xj − ys(j)‖  1 − 1 for j ∈ J . Then, by the weak compactness of A,k
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the weak lower semicontinuity of the norm, we would obtain a contradiction:
1 = ‖x0‖ lim inf
i∈J ′
‖xϕ(i) − ys(ϕ(i))‖ 1 − 1
k
.
Thus (1) is satisfied. It is sufficient to prove that there exists j0 ∈ J such that j0  jk for each
k = 1,2, . . . . Let jk = (j (k)n )U and put j0 = (j (0)n )U , where
j (0)n = max
{
j (k)m : m,k  n
}
.
It is not difficult to see that
U 	 {n ∈N: n k} ⊂ {n ∈N: j (0)n  j (k)n }
and consequently j0  jk for each k = 1,2, . . . . This completes the proof. 
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